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Recently, many novel and exotic phases have been proposed by considering the role of topology in
non-Hermitian systems, and their emergent properties are of wide current interest. In this work we
propose the non-Hermitian generalization of semi-Dirac semimetals, which feature a linear dispersion
along one momentum direction and a quadratic one along the other. We study the topological phase
transitions in such two-dimensional semi-Dirac semimetals in the presence of a particle gain-and-
loss term. We show that such a non-Hermitian term creates exceptional points originating out of
each semi-Dirac point. We map out the topological phase diagram of our model, using winding
number and vorticity as topological invariants of the system. By means of numerical and analytical
calculations, we examine the nature of edge states and establish bulk-boundary correspondence in
non-Hermitian semi-Dirac semimetals. Strikingly, we find that semi-Dirac semimetals do not exhibit
a non-Hermitian skin effect, an anomalous feature usually present in non-Hermitian topological
systems.
I. INTRODUCTION
Over the last three decades, the studies of topological
phases1–5, including topological insulators6–8, Chern in-
sulators 3,9,10, topological superconductors7,11, and topo-
logical semimetals 12–14, have been becoming a growing
topic of interest in condensed matter physics. Among
various topological systems the search for gapless yet
topological phases, such as Dirac semimetals and Weyl
semimetals, and more recently nodal line and multi-
fold semimetals, is sprouting into fascinating new direc-
tions12.
In quantum mechanics every physical operator is rep-
resented by a Hermitian operator and hence one obtains
real eigen spectra, and at the same time conservation
of probabilities15. Yet, in recent years, Bender and co-
workers have demonstrated that parity-time (PT ) sym-
metric non-Hermitian Hamiltonians can show real spec-
tra16. Considerable efforts have been devoted to study
non-Hermitian phases in a variety of platforms, includ-
ing open quantum systems17,18, incorporating electron-
phonon interactions19,20 and in quantum optics21–24.
The research in this field has rapidly accelerated
by considering the interplay between non-Hermiticity
and topology25–28. Several non-Hermitian non-trivial
topological phases have been proposed, including
one-dimensional Su-Schrieffer-Heeger chains29–31, knot
semimetals32,33, nodal line semimetals, nodal ring
semimetals68, Hopf link semimetals34–38, and Weyl
semimetals35,79, to name just a few. One of the features
of non-Hermitian topological systems is the existence of
exceptional points (EPs). EPs are singularities where
both eigenvalues and eigenvectors coalesce and result in
the Hamiltonian becoming ”defective”40. Encircling such
an EP yields a quantized topological invariant. Along
with theoretical developments, many ingenious experi-
ments have been performed recently in ongoing efforts to
engineer non-Hermitian systems. Some of the notable
ones among them are experiments on microwave cav-
ities41,42, lossy waveguides43–45, topological lasers46–50,
and in quantum optics setups51–53.
An intriguing and unusual type of semimetal is one
which has a linear dispersion along one momentum direc-
tion and a quadratic dispersion along another. Systems
with such peculiar dispersions have been termed semi-
Dirac semimetals. A number of candidate hosts have
been proposed. These include honeycomb and square lat-
tices under a magnetic field54,55, transition metal oxide
heterostructures56, as well as photonic crystals57. Several
interesting properties of semi-Dirac semimetals, which
are distinct from other semimetals, have also been sub-
sequently revealed58–61.
In this paper, we introduce the generalization of semi-
Dirac semimetals to the non-Hermitian case. We present
both continuum and lattice models of non-Hermitian
semi-Dirac semimetals in the presence of gain and loss
terms, and show that a new topological phase arises on
introducing such a non-Hermitian term. We use analyti-
cal as well as numerical calculations to illustrate the topo-
logical features of the non-Hermitian semi-Dirac system.
Employing two different topological invariants, namely
vorticity and winding number, we map out the phase
diagram of the system. Using computations under open
boundary conditions, we examine the bulk-boundary cor-
respondence in this system. Our hope is that these find-
ings will motivate future theoretical and experimental in-
vestigations of non-Hermitian semi-Dirac systems.
II. RESULTS
This section is organized in the following manner. We
will first present the low-energy model for semi-Dirac
semimetals and the extension to the non-Hermitian case.
We will then present the calculation of the winding num-
ber and vorticity, which enables mapping out the topo-
logical phase diagram. Finally we will examine the bulk-
boundary correspondence in this system.
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FIG. 1. Band diagrams of the non-Hermitian semi-Dirac model. (a) Two gap-less semi-Dirac points for δ0 = 0.05 in the
absence of non-Hermitian term (γ = 0.0). (b) Energy spectrum is gapped for negative δ0. Here we choose δ0 = −0.05, γ = 0.0.
(c) Real part of the energy with δ0 = 0. (d) Imaginary part of the energy with δ0 = 0. (e) Real part of the energy with nonzero
δ0. (f) Imaginary part of the energy with nonzero δ0. For (c)-(e) we include the non-Hermitian term iγσz. We get two EPs in
(c) and four EPs in (e) along qy = 0 line. The imaginary eigenvalues are interchanged along qy = 0 line in (d) and (f). For the
other parameters, we choose the following values: m = vf = 1.0, keeping them unchanged unless otherwise specified.
A. Model
The model Hamiltonian describing low-energy elec-
tronic bands of a two-dimensional semi-Dirac semi-metal
is55,58,61
H0(q) = d(q) · σ, (1)
where σ = (σx, σy, σz) are the Pauli matrices in the
pseudospin space and d(q) = (
q2x
2m − δ0, 0, vfqy). Here
q = (qx, qy) is the crystal momentum, m is the quasi
particle mass along the quadratically dispersing direc-
tion, vf is the Dirac velocity, and δ0 is the gap parame-
ter. The band gap is tuned by the gap parameter δ0. For
δ0 > 0 we have two gapless semi-Dirac points, as shown
in Fig. 1(a). We obtain a fully gapped trivial insulator
for δ0 < 0 [see Fig. 1(b)]. In the intermediate case of
δ0 = 0, the spectrum is gapless with a semi-Dirac dis-
persion. Overall δ0 controls the Fermi surface topology
via Lifshitz transitions. Now, in addition, we introduce a
non-Hermitian term to the original Hamiltonian (Eq. 1)
such that the Hamiltonian becomes
H(q) =
(
q2x
2m
− δ0
)
σx + vfqyσz + iγσz. (2)
The non-Hermitian perturbing term can be thought of
as a gain and loss between the two orbitals, with γ as the
gain and loss coefficient21. We then obtain the energy
eigenvalues as
E = ±
√(
q2x
2m
− δ0
)2
+ v2fq
2
y − γ2 + 2ivfqyγ, (3)
which is in general complex. As a consequence of non-
Hermitian band degeneracy18,62,63, we expect the appear-
ance of EPs. At these EPs not only the eigenvalues but
also the eigenvectors coalesce rendering the Hamiltonian
non-diagonizable40. Indeed, for our model in the param-
eter range 0 < γ < δ0, we discover a nodal line along
qy = 0, where the four EPs exist. For the values of
δ0 > 0, the two gap-less semi-Dirac points (for γ = 0)
get converted into four EPs (for γ > 0), as can be seen
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FIG. 2. Topological phase diagram from the winding
number. The winding number as a function of qx in the
presence of the non-Hermitian term. We find three distinct
topological phases with winding numbers 0, 1/2 and −1/2,
respectively. Here we choose γ = 0.1 and δ0 = 0.5.
in Fig. 1(e). Examining the imaginary part of the spec-
trum, we find that the imaginary part of the energies are
interchanged across the EP, as presented in Fig. 1(d) and
(f). Interestingly, a competition between the band inver-
sion strength δ0 and the non-Hermitian term γ leads to
annihilation or creation of EPs. Out of the four EPs,
two of them annihilate each other at the critical value of
γ = δ0. For the special case of δ0 = 0 and a nonzero
γ, the gapless semi-Dirac points turn into two EPs, as
is presented in Fig. 1(c). The corresponding imaginary
part of the energy is shown in Fig. 1(d).
The locations of the four symmetrically placed EPs,
lying along the line qy = 0, are
qEPx = ±
√
2m(δ0 ± γ). (4)
Without the loss of generality, we now consider the case
with δ0 > 0. As a consequence of the square root singu-
larity in the complex energy spectrum64, we can expect
topological phase transitions around the EPs. Next, we
will calculate the winding number 65,66, which is closely
related to the non-Hermitian generalization of the Berry
phase65,67, in order to monitor and characterize topolog-
ical phase transitions in our model.
B. Winding Number
In this sub-section, we will explicitly calculate the
winding number for our model, which allows character-
izing the topological phases. The winding number, w, is
defined as68,69
w =
1
2pi
∞∫
−∞
dqy∂qy φ. (5)
In the above expression, we define the winding number
in the parameter space of the Hamiltonian along the qy
direction. We express the Hamiltonian as
H = hxσx + hzσz, (6)
with hx = (q
2
x/2m − δ0), hz = vfqy + iγ, and φ defined
as φ = tan−1(hx/hz). We obtain
φ = tan−1
(
q2x/2m− δ0
vfqy + iγ
)
. (7)
As a complex angle, φ can be decomposed as φ = φR+
iφI , where φR and φI denote the real and imaginary parts
of φ, respectively. The values of φ for the limits qy → ±∞
are obtained as
φ(qy → ±∞) = lim
qy→±∞
tan−1
(
q2x/2m− δ0
vfqy + iγ
)
= ±0,
(8)
which are purely real. Now using the relations
e2iφ =
cosφ+ i sinφ
cosφ− i sinφ =
1 + i tanφ
1− i tanφ =
hz + ihx
hz − ihx , (9)
we find that the amplitude and the phase are related to
φI and φR as
68,69
e−2φI =
∣∣∣∣hz + ihxhz − ihx
∣∣∣∣, (10)
e2iφR =
hz+ihx
hz−ihx∣∣∣hz+ihxhz−ihx ∣∣∣ . (11)
Now from Eq. 7, we observe that φR is an odd function
of qy. Along qy = 0 line, it is discontinuous at each of
the EPs and continuous between two successive EPs (see
Fig. 3). On the other hand, the real part of ∂qyφ is always
continuous. In contrast, φI is an even and continuous
function of qy. So, ∂qyφI should be an odd function of qy
and φI(qy → ∞) = φI(qy → −∞). The imaginary part
of the integral in Eq. 5 is obtained as
1
2pi
∞∫
−∞
dqy∂qy φI =
φI(qy →∞)− φI(qy → −∞)
2pi
= 0.
(12)
Now, considering the relation
tan(2φR) =
Im
(
hz+ihx
hz−ihx
)
Re
(
hz+ihx
hz−ihx
) , (13)
4we can express
tan(2φR) = tan(φA + φB), (14)
and
tanφA =
Re(hx) + Im(hz)
Re(hz)− Im(hx) =
(q2x/2m− δ0) + γ
vfqy
, (15)
tanφB =
Re(hx)− Im(hz)
Re(hz) + Im(hx)
=
(q2x/2m− δ0)− γ
vfqy
. (16)
In the above expressions, φA and φB are real angles.
Simplifying these expressions, we obtain
φR = npi +
1
2
(φA + φB), (17)
where n is an integer. We further arrive at the following
equalities
φA(qy → 0±) = ±pi
2
sgn(
q2x
2m
− δ0 + γ), (18)
φB(qy → 0±) = ±pi
2
sgn(
q2x
2m
− δ0 − γ). (19)
So, we observe that both φA and φB have discontinu-
ities at qy = 0. However, when qy → ±∞, we obtain
φA(qy → ±∞) = φB(qy → ±∞) = ±0. Now using
Eqs. 5, 8, 18, 19, we can calculate the winding number
as follows
w =
1
2pi
∞∫
−∞
dqy∂qyφR
=
1
4pi
∞∫
−∞
dqy∂qy (φA + φB)
=
1
4pi
(
(φA|+∞0+ + φA|0
−
−∞) + (φB |+∞0+ + φB |0
−
−∞)
)
= −
sgn
(
(
q2x
2m − δ0) + γ
)
+ sgn
(
(
q2x
2m − δ0)− γ
)
4
.
(20)
Upon final simplification, we obtain the winding num-
ber
w = −1
2
, q2x/2m > δ0 + γ
= 0, δ0 − γ < q
2
x
2m
< δ0 + γ
=
1
2
, 0 < q2x/2m < δ0 − γ.
(21)
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FIG. 3. Location of the exceptional points. The four
EPs are represented by blue and green dots. We designate
them as α1, β1, γ1 and δ1. The green and blue dots cor-
respond to the 1/2 and −1/2 vorticities, respectively. The
dotted line passing through EPs are representative of closed
loops encircling each EP in the momentum space using pe-
riodic boundary conditions. These closed loops are treated
as contours for calculating the winding number. Here we set
γ = 0.1 and δ0 = 0.5.
So, we find that for our semi-Dirac model there are
three topologically distinct regions with winding num-
bers w = ±1/2, 0. We present the topological phase dia-
gram in Fig. 2. Interestingly, in this model the winding
number acquires fractional values. We can interpret the
fractional value of w as follows: As both the values of φ
and its derivative, ∂yφ, are continuous along the qy line
(from qy → −∞ to qy →∞), we can convert the line inte-
gral extended along qy to a loop using periodic boundary
conditions, in a spirit similar to the Bloch Hamiltonian
in lattice models (see Fig. 3). We can then create loops
encircling each of the EPs. These loops are topologi-
cally equivalent to the infinitely extended line along qy.
Whenever the loop encircles an EP, the winding num-
ber is found to be ± 12 , as pointed out by Lee in Ref. 70,
indicating different topological phases for two consecu-
tive EPs. We get three distinct regions with different
winding number. A complementary point of view is ob-
tained by considering the winding number of the parent
Hermitian semi-Dirac model, which is zero71. On intro-
ducing a non-Hermitian term in the Hamiltonian, each
of the semi-Dirac point splits into two EPs, each with
a winding number of ±1/2, thereby conserving the total
winding number72.
C. Vorticity of energy eigenvalues
In addition to the winding number, there is another
complementary topological invariant associated with the
energy dispersion of non-Hermitian Hamiltonian, rather
than the energy eigenstate. One can define, for any pair
of the bands, the winding number of their energies Em(k)
and En(k) in the complex energy plane as follows
73,
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FIG. 4. Illustration of the topological phase transitions from vorticity. The trajectory of the two complex eigenvalues,
when the contour parameterized by θL ∈ [0, 2pi) (a) does not encircle any EP, (b) marginally touches the EP marked by γ1, (c)
encircles γ1 completely, (d) encloses the EP marked by δ1, (e) encircles the EP marked by α1, and (f) encircles both the EPs
marked as α1 and β1. Note that in the case of the contour encircling both EPs α1 and β1, the total vorticity vanishes as the
two EPs have opposite vorticities. See Fig. 3 for labeling of the EPs.
νmn(Γ) = − 1
2pi
∮
Γ
∇karg[Em(k)− En(k)] dk, (22)
where Γ is a closed loop in momentum space. This is
called the vorticity, νmn(Γ). We write a non-Hermitian
Hamiltonian of a periodic system in the parameter space
of momentum k, whose eigenstates are Bloch waves
and whose energies En(k) vary with momentum in the
Brillouin zone. Here m and n are the band indices
of different eigenstates. We define two complex ener-
gies, Em(k) 6= En(k) for all m 6= n and all k. For
such a complex multi-band system, when the region of
complex energies does not overlap with each other, i.e.,
En(k) 6= Em(k’) for all m 6= n and all k and k’, then
the band En(k) is found to be surrounded by a gap in
the complex energy plane25,73. In this case we get zero
vorticity. In another case, when we encircle an EP at k0,
at the band degeneracy point where En(k0) = Em(k0),
we obtain two topologically different bands due to gap
closing in the complex energy plane. In this case we
find a non-zero vorticity. As a consequence of the square
root singularity in the dispersion of Eq. 3, both the pair
of energy eigenvalues and the corresponding eigenstates
are swapped as the momentum traverses along Γ and
we obtain the vorticity νΓ = 1/2
73–75. The Hamil-
tonian being non-Hermitian, we can in general write
for a single complex band E(k) = |E(k)|eiθ(k), where
θ = tan−1(ImE/ReE)26. We vary θ(k) in a periodic cy-
cle θ(k) → θ(k) + 2vpi (where v is an integer) without
violating the periodicity. Whenever we enclose an EP
along the real axis, we obtain a quantized vorticity.
For our semi-Dirac model, we discover three distinct
cases by choosing different contours and their centers
along the real axis by redefining θ(k) with respect to
the base energy: 1) when we do not enclose an EP
[Fig. 4(a)], 2) when the contour marginally touches the
EP [Fig. 4(b)], and 3) when we enclose an EP [Fig. 4(c)].
So, we clearly demonstrate a topological phase transition
as the vorticity changes and there is a charateristic swap-
ping of eigenvalues and corresponding eigenvectors as the
momentum is traversed along the contour around an EP.
As shown in Fig. 4(c) and (d), for the two neighboring
EPs the complex eigenvalues wind around each other in
opposite directions, namely in clockwise and anticlock-
wise directions with vorticities +1/2 and −1/2, respec-
6tively. When we enclose odd number of EPs within the
contour Γ, we obtain a half-integer vorticity, while for
even number of EPs, the vorticity becomes an integer, as
shown in Fig. 4(f). These results are in agreement with
our analysis in the previous subsection using the winding
number.
D. Bulk-boundary Correspondence
An important aspect of topological systems is the bulk-
boundary correspondence, where a topologically non-
trivial bulk manifests in the form of protected bound-
ary modes8. This feature and its modifications in non-
Hermitian systems have received intense interest25–28. To
explore the bulk-boundary correspondence in our pro-
posed semi-Dirac systems, we consider the following lat-
tice Hamiltonian
H = [1−m∗ cos(qx)− δ0]σx + vf sin qyσy + iγσz. (23)
We make the replacements qi → sin qi and q2i →
2(1 − cos qi) to obtain the above Hamiltonian starting
from the continuum low-energy model. In the absence
of non-Hermitian term iγσz, the band degeneracy oc-
curs along qy = 0 line, with the energy going to zero
at mx = 0, where we define mx = 1 −m∗ cos(qx) − δ0.
In the presence of the iγσz term, the condition for the
bulk energy bands to touch the zero energy line is ob-
tained to be mx = ±γ, similar to continuum model. On
the practical side, this Hamiltonian can be obtained from
the honeycomb lattice by tuning the hopping parameters
appropriately61,76.
To get more physical insights into the topological phase
transitions accompanying the disappearance of zero en-
ergy modes, we begin with the tight-binding model con-
sisting of two orbitals in the unit cell. For this model:
t1 = vf/2 represents the inter-cell and inter-orbital hop-
ping, mx denotes the intra-cell and inter-orbital hopping,
iγ and −iγ are the onsite gain and loss terms for the two
orbitals (which we label by A and B). For such a tight-
binding model, the real space wave functions, ψAn and
ψBn , should satisfy
iγψAn +mxψBn − t1ψBn−1 + t1ψBn+1 = EψAn ,
−iγψBn +mxψAn + t1ψAn−1 − t1ψAn+1 = EψBn .
(24)
We choose the ansatz solution as (ψAn , ψBn) =
βn(ψA, ψB). Substituting these in Eq. 24, we obtain the
coupled equations
[t1(β − 1/β) +mx]ψB + iγψA = EψA,
[t1(1/β − β) +mx]ψA − iγψB = EψB . (25)
For non-trivial solutions, the above two equations yield
the following condition
t21β
4 + (γ2 + E2 −m2x − 2t21)β2 + t21 = 0, (26)
which leads to four roots, βi (i = 1, 2, 3, 4). These
roots satisfy β1 + β2 + β3 + β4 = 0 and β1β2β3β4 = 1.
The four roots can be explicitly calculated to be
β1,2 = ±
√
ζ +
√
ζ2 − 4
2
,
β3,4 = ±
√
ζ −
√
ζ2 − 4
2
,
(27)
where we define ζ =
m2x+2t
2
1−γ2−E2
t21
. Next, let us con-
sider a long chain. For the bulk eigenstates, the four roots
are required to satisfy the condition77: |β1,2| = |β3,4| =
β, leading to the constraint ζ = ±2. Taking the E → 0
limit of this ζ = ±2 condition, we get physically feasible
solutions as −γ ≤ mx ≤ γ. At these points, we find that
mx(qx) = ±γ. In this situation, the open boundary bulk
spectra touch zero energy, and there are accompanying
topological phase transitions.
Next, we turn to numerical computations in order
to complement our analytical results. We express our
Hamiltonian in the parameter space of qx and choose
open boundary conditions in the y direction, along which
the dispersion is linear. We choose N = 40 sites along
the y direction and numerically compute the eigenvalues
and eigenvectors. Our results are presented in Fig. 5. In
general, we can divide the eigenspectra into two qualita-
tively different regions:
1) The region where Re[E] = 0 and Im[E] 6= 0. In
such a case, we obtain states localized at the edges, cor-
responding to energy eigenvalues satisfying E = iγ. All
the other eigenstates are bulk-like in nature. This is the
PT symmetry broken region between −γ ≤ mx ≤ γ,
which is consistent with our analytical calculation.
2) The region corresponding to Im[E] = 0 and Re[E] 6=
0. In this contrasting case, we obtain localized edge states
corresponding only to the lowest energy eigenvalues and
bulk states corresponding to the rest of the energy eigen-
values. This is the PT symmetry unbroken case. The
reason that we find edge states only corresponding to the
lowest energy can be understood by examining Eq. 26,
which is satisfied only for the lowest energy eigenvalue
with E =
√
2t1.
We find edge modes in the region of Im[E] = 0 and
Re[E] 6= 0, as a consequence of the band inversion be-
tween the two semi-Dirac points. As previously men-
tioned, these correspond to the lowest energy eigenstate.
Upon introducing the non-Hermitian term, we create two
EPs originating out of each semi-Dirac point in the region
between −γ ≤ mx ≤ γ. In between each pairs of EPs,
we do not find any edge states corresponding to the low-
est energy eigenvalue. Indeed from our continuum model
analysis, we obtain exactly the same features. The wind-
ing number turns out to be zero between each pairs of
7(a) (b)
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FIG. 5. Analysis of the lattice model under open boundary conditions. (a) The real part and (b) the imaginary part
of energy eigenvalues are shown as a function of qx. Note the presence of zero modes in both the real and imaginary part of the
spectra in different ranges of qx. However, they do not simultaneously go to zero, rendering the absolute value of the eigenvalue
non-zero for all values of qx. (c) The wave functions corresponding to the lowest energy states localized at opposite edges are
shown as a function of position. Here we have chosen qx = 0. (d) The wave function corresponding to a bulk mode plotted
along the lattice site index. Here we have chosen the highest energy eigenvalue at qx = 0. We choose the following parameter
values: γ = 0.5, vf = 0.5, m
∗ = 1.0 and δ0 = 0.7 with N = 40 sites for the lattice model.
EPs (see the phase diagram in Fig. 2). Outside this re-
gion the winding number is non-zero and we do find edge
modes. So, we conclude that our non-Hermitian semi-
Dirac model shows a bulk-boundary correspondence, in
marked contrast to several other non-Hermitian topolog-
ical models.
An associated anomalous feature is the non-Hermitian
skin effect, where a macroscopic number of eigenvectors
become localized at the boundaries77. Since, our model
shows bulk-boundary correspondence, we expect the non-
Hermitian skin effect to be absent in semi-Dirac semimet-
als. Indeed, for our model, we find that there are no gen-
eral values of β, such that β < 1 or β > 1, and we do
not obtain a macroscopic number of eigenvectors that are
localized at the left or right boundaries. A complemen-
tary point of view to understand the absence of the non-
Hermitian skin effect in our model is to use the saddle-
point criterion, which was very recently introduced by
Longhi78. Longhi’s criterion states that if there exists at
least one saddle point of Q(β˜) = E2 that does not lie
on the unit circle Cβ˜ , then a non-Hermitian Hamiltonian
will show the non-Hermitian skin effect. Here β˜ = eiq.
For our Hamiltonian we construct the following equation
Q(β˜) = 1 +
1
4
( β˜2 + 1
β˜
)2
− v2f
(
β˜2 − 1
β˜
)2
−(1− δ0) β˜
2 + 1
β˜
+ δ20 − 2δ0 − γ2.
(28)
We obtain the saddle points of Q(β˜) to be located at
β˜ = ±1. So, in general, the two saddle points lie on
the unit circle spanned by β˜. Therefore, according to
Longhi’s saddle point criterion, the model does not dis-
play a non-Hermitian skin effect, consistent with our nu-
merical analysis.
III. SUMMARY AND CONCLUSIONS
In closing, we would like to briefly discuss possible
experimental realization of our proposed non-Hermitian
semi-Dirac semimetals. Several ingenious experimental
setups have been suggested as well as realized, to engi-
neer non-Hermitian topological semimetals. These in-
8clude cold atoms79, waveguides80 and microwave cav-
ity experiments81, to highlight just a few. Many recent
experiments have been devoted to study the topologi-
cal behaviour of exceptional points and their topological
phase transitions82–84. Very recently, Weyl exceptional
rings have been proposed in the cold atomic gas trapped
in optical lattice system upon introducing particle gain
and loss perturbations79. In an exciting recent work by
Cerjan et al.80, non-Hermitian Weyl exceptional rings
were created in an evanescent-coupled bipartite optical
waveguide array and their topological transitions were
demonstrated in a controllable manner. Our proposal is
amenable to realization in such cold atom and waveguide
setups.
To summarize, we proposed a new class of non-
Hermitian semi-Dirac semimetals, in the presence of par-
ticle gain and loss perturbations. We showed that a non-
Hermitian term creates exceptional points in the spec-
trum, emerging out of each of the semi-Dirac points,
which have distinct topological signatures. We illustrate
the topological phase transitions by evaluating two differ-
ent topological markers and map out the complete phase
diagram for our model. We examined the nature of the
edge states by using numerical and analytical calcula-
tions and established the bulk-boundary correspondence
in non-Hermitian semi-Dirac semimetals. In contrast to
most non-Hermitian systems, we discovered that non-
Hermitian semi-Dirac semimetals do not exhibit a non-
Hermitian skin effect. We are hopeful that our findings
will motivate further theoretical and experimental stud-
ies of these intriguing topological systems.
ACKNOWLEDGMENTS
A.B. would like to acknowledge the Indian Institute of
Science for a fellowship. A.N. acknowledges support from
the start-up grant (SG/MHRD-19-0001) of the Indian
Institute of Science.
∗ awadhesh@iisc.ac.in
1 K. v. Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett.
45, 494 (1980).
2 D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. den Nijs, Phys. Rev. Lett. 49, 405 (1982).
3 F. D. M. Haldane, Physical review letters 61, 2015 (1988).
4 C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
5 B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science
314, 1757 (2006).
6 C.-K. Chiu, J. C. Y. Teo, A. P. Schnyder, and S. Ryu,
Rev. Mod. Phys. 88, 035005 (2016).
7 X.-L. Qi and S.-C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
8 M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
9 X.-L. Qi, Y.-S. Wu, and S.-C. Zhang, Physical Review B
74, 085308 (2006).
10 T. Neupert, L. Santos, C. Chamon, and C. Mudry, Phys-
ical review letters 106, 236804 (2011).
11 L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).
12 N. Armitage, E. Mele, and A. Vishwanath, Reviews of
Modern Physics 90, 015001 (2018).
13 B. Yan and C. Felser, Annual Review of Condensed Matter
Physics 8, 337 (2017).
14 B. Bradlyn, J. Cano, Z. Wang, M. Vergniory, C. Felser,
R. J. Cava, and B. A. Bernevig, Science 353, aaf5037
(2016).
15 P. A. M. Dirac, The principles of quantum mechanics (Ox-
ford university press, 1981).
16 C. M. Bender and S. Boettcher, Physical Review Letters
80, 5243 (1998).
17 I. Rotter and J. P. Bird, 78, 114001 (2015).
18 I. Rotter, Journal of Physics A: Mathematical and Theo-
retical 42, 153001 (2009).
19 V. Kozii and L. Fu, “Non-hermitian topological theory of
finite-lifetime quasiparticles: Prediction of bulk fermi arc
due to exceptional point,” (2017), arXiv:1708.05841 [cond-
mat.mes-hall].
20 T. Yoshida, R. Peters, and N. Kawakami, Physical Review
B 98 (2018).
21 C. E. Ru¨ter, K. G. Makris, R. El-Ganainy, D. N.
Christodoulides, M. Segev, and D. Kip, Nature physics
6, 192 (2010).
22 S. Longhi, EPL 120, 64001 (2017).
23 S. Klaiman, U. Gu¨nther, and N. Moiseyev, Phys. Rev.
Lett. 101, 080402 (2008).
24 A. Guo, G. J. Salamo, D. Duchesne, R. Morandotti,
M. Volatier-Ravat, V. Aimez, G. A. Siviloglou, and D. N.
Christodoulides, Phys. Rev. Lett. 103, 093902 (2009).
25 V. M. Alvarez, J. B. Vargas, M. Berdakin, and L. F. Tor-
res, The European Physical Journal Special Topics 227,
1295 (2018).
26 A. Ghatak and T. Das, Journal of Physics: Condensed
Matter 31, 263001 (2019).
27 L. E. F. Torres, Journal of Physics: Materials 3, 014002
(2019).
28 E. J. Bergholtz, J. C. Budich, and F. K. Kunst, arXiv
preprint arXiv:1912.10048 (2019).
29 L. Jin, P. Wang, and Z. Song, Scientific Reports 7 (2017).
30 F. Dangel, M. Wagner, H. Cartarius, J. Main, and
G. Wunner, Phys. Rev. A 98, 013628 (2018).
31 B. X. Wang and C. Y. Zhao, Phys. Rev. A 98, 023808
(2018).
32 J. Carlstro¨m and E. J. Bergholtz, Physical Review A 98,
042114 (2018).
33 J. Carlstro¨m, M. St˚alhammar, J. C. Budich, and E. J.
Bergholtz, Physical Review B 99, 161115 (2019).
34 J. C. Budich, J. Carlstro¨m, F. K. Kunst, and E. J.
Bergholtz, Phys. Rev. B 99, 041406 (2019).
35 Y. Xu, S.-T. Wang, and L.-M. Duan, Phys. Rev. Lett.
118, 045701 (2017).
36 K. Moors, A. A. Zyuzin, A. Y. Zyuzin, R. P. Tiwari, and
T. L. Schmidt, Phys. Rev. B 99, 041116 (2019).
937 Z. Yang and J. Hu, Phys. Rev. B 99, 081102 (2019).
38 C. H. Lee, G. Li, Y. Liu, T. Tai, R. Thomale, and
X. Zhang, “Tidal surface states as fingerprints of non-
hermitian nodal knot metals,” (2018), arXiv:1812.02011
[cond-mat.mes-hall].
39 A. Cerjan, M. Xiao, L. Yuan, and S. Fan, Phys. Rev. B
97, 075128 (2018).
40 W. Heiss, Journal of Physics A: Mathematical and Theo-
retical 45, 444016 (2012).
41 C. Poli, M. Bellec, U. Kuhl, F. Mortessagne, and
H. Schomerus, Nature communications 6, 6710 (2015).
42 B. Midya, H. Zhao, and L. Feng, Nature communications
9, 2674 (2018).
43 J. M. Zeuner, M. C. Rechtsman, Y. Plotnik, Y. Lumer,
S. Nolte, M. S. Rudner, M. Segev, and A. Szameit, Phys-
ical review letters 115, 040402 (2015).
44 S. Weimann, M. Kremer, Y. Plotnik, Y. Lumer, S. Nolte,
K. G. Makris, M. Segev, M. C. Rechtsman, and A. Sza-
meit, Nature materials 16, 433 (2017).
45 W.-J. Chen, S.-J. Jiang, X.-D. Chen, B. Zhu, L. Zhou,
J.-W. Dong, and C. T. Chan, Nature communications 5,
5782 (2014).
46 G. Harari, M. A. Bandres, Y. Lumer, M. C. Rechtsman,
Y. D. Chong, M. Khajavikhan, D. N. Christodoulides, and
M. Segev, Science 359, eaar4003 (2018).
47 L. Feng, Z. J. Wong, R.-M. Ma, Y. Wang, and X. Zhang,
Science 346, 972 (2014).
48 M. A. Bandres, S. Wittek, G. Harari, M. Parto, J. Ren,
M. Segev, D. N. Christodoulides, and M. Khajavikhan,
Science 359, eaar4005 (2018).
49 H. Zhao, P. Miao, M. H. Teimourpour, S. Malzard, R. El-
Ganainy, H. Schomerus, and L. Feng, Nature communica-
tions 9, 981 (2018).
50 M. Parto, S. Wittek, H. Hodaei, G. Harari, M. A. Bandres,
J. Ren, M. C. Rechtsman, M. Segev, D. N. Christodoulides,
and M. Khajavikhan, Physical review letters 120, 113901
(2018).
51 T. Ozawa, H. M. Price, A. Amo, N. Goldman, M. Hafezi,
L. Lu, M. C. Rechtsman, D. Schuster, J. Simon, O. Zilber-
berg, et al., Reviews of Modern Physics 91, 015006 (2019).
52 M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer,
D. Podolsky, F. Dreisow, S. Nolte, M. Segev, and A. Sza-
meit, Nature 496, 196 (2013).
53 N. Goldman, J. C. Budich, and P. Zoller, Nature Physics
12, 639 (2016).
54 P. Dietl, F. Pie´chon, and G. Montambaux, Physical review
letters 100, 236405 (2008).
55 P. Delplace and G. Montambaux, Physical Review B 82,
035438 (2010).
56 V. Pardo and W. E. Pickett, Physical review letters 102,
166803 (2009).
57 Y. Wu, Optics express 22, 1906 (2014).
58 S. Banerjee, R. Singh, V. Pardo, and W. Pickett, Physical
review letters 103, 016402 (2009).
59 S. Banerjee and W. E. Pickett, Physical Review B 86,
075124 (2012).
60 A. Narayan, Physical Review B 91, 205445 (2015).
61 K. Saha, Physical Review B 94, 081103 (2016).
62 W. D. Heiss, Journal of Physics A: Mathematical and The-
oretical 45, 444016 (2012).
63 A. U. Hassan, B. Zhen, M. Soljacˇic´, M. Khajavikhan,
and D. N. Christodoulides, Phys. Rev. Lett. 118, 093002
(2017).
64 M. Berry, Nature Physics 6, 148 (2010).
65 D. Leykam, K. Y. Bliokh, C. Huang, Y. D. Chong, and
F. Nori, Physical review letters 118, 040401 (2017).
66 L. Zhou, Q.-h. Wang, H. Wang, and J. Gong, Physical
Review A 98, 022129 (2018).
67 J. Garrison and E. M. Wright, Physics Letters A 128, 177
(1988).
68 H. Wang, J. Ruan, and H. Zhang, Physical Review B 99,
075130 (2019).
69 C. Yin, H. Jiang, L. Li, R. Lu¨, and S. Chen, Physical
Review A 97, 052115 (2018).
70 T. E. Lee, Physical review letters 116, 133903 (2016).
71 S. Banerjee, Semi-Dirac Dispersion, and its Various As-
pects (University of California, Davis, 2012).
72 S. Lin, L. Jin, and Z. Song, Physical Review B 99, 165148
(2019).
73 H. Shen, B. Zhen, and L. Fu, Phys. Rev. Lett. 120, 146402
(2018).
74 C. Dembowski, H.-D. Gra¨f, H. L. Harney, A. Heine, W. D.
Heiss, H. Rehfeld, and A. Richter, Phys. Rev. Lett. 86,
787 (2001).
75 C. Dembowski, B. Dietz, H.-D. Gra¨f, H. L. Harney,
A. Heine, W. D. Heiss, and A. Richter, Phys. Rev. E
69, 056216 (2004).
76 G. Montambaux, F. Pie´chon, J.-N. Fuchs, and M. O. Go-
erbig, The European Physical Journal B 72, 509 (2009).
77 S. Yao and Z. Wang, Phys. Rev. Lett. 121, 086803 (2018).
78 S. Longhi, Physical Review Research 1, 023013 (2019).
79 Y. Xu, S.-T. Wang, and L.-M. Duan, Physical review let-
ters 118, 045701 (2017).
80 A. Cerjan, S. Huang, M. Wang, K. P. Chen, Y. Chong,
and M. C. Rechtsman, Nature Photonics 13, 623 (2019).
81 W. Chen, S¸. K. O¨zdemir, G. Zhao, J. Wiersig, and
L. Yang, Nature 548, 192 (2017).
82 C. Dembowski, H.-D. Gra¨f, H. Harney, A. Heine, W. Heiss,
H. Rehfeld, and A. Richter, Physical review letters 86, 787
(2001).
83 J. Doppler, A. A. Mailybaev, J. Bo¨hm, U. Kuhl,
A. Girschik, F. Libisch, T. J. Milburn, P. Rabl, N. Moi-
seyev, and S. Rotter, Nature 537, 76 (2016).
84 K. Ding, G. Ma, M. Xiao, Z. Zhang, and C. T. Chan,
Physical Review X 6, 021007 (2016).
